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Revision Sheet

Partial derivatives

(D)If w= f(x,y) and x=rcosé, y=rsiné Show that

BEEEEEE)

2)If w= In(x2 + y2) Show that x@+ y—=2
OX oy

(3)If w=sin"1(x?+ y?) Show that xgﬂx+ y%= 2tanw

(A If w=tan"*(x3+ y®) Show that x;ﬂx+ y%= 3sinwcosw

SIS 5 & pladl b Jilaal Ja 3

(5) Find the general solution of the following differential equations:

(@) X(L+ y?)dx + y(L+ x%)dy =0 (b)xﬂdx+ y\/1—7dy =0
(c)xydx+\/1+7dy=0 (d)y’+%=sinx
(e)y' + ytan x =cos® x (f)y + ycotx =sin? x
(g)(D? +9)y =CoS2X +Sin2x (h)(D? +1)y = sin xsin2x

(i)(D? —6D +13)y = 8e3*sin2x

(6) Evaluate $F.dr where F(t)=(x—3y)i+(y—2x)] and C is the closed curve
c

X =3sin0, y=2c0s0 inxy —plane [Ans.: 6x].

(7) Evaluate $F.dr where F(t)=(2x+y?)i+(3y—4x)] and C is the closed
C

(8) Show that the following functions satisfy Cauchy Riemann equations

(@) f(z)=iz?+2z (b) f(z)=sinz (c) f(z)=ze7*

(9) Provethat (i) sinz=sinz (i) cosz =cosz
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(10) By using Cauchy integral Formula evaluate the following integrals:

7° +5
Z

5 dz where  Cis the circle z|=4.

@ ¢
C

(b) <_f> 22d21 where C is the circle |z|=2 . (Ans.27i)
cl —
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Solved examples
Example (1): Find the general solution of the following differential equations:

Xydx +(x2 +1)dy =0
Solution:
Divided the equation by y(x2 +1)

X dx+ dy =0 The variables are separated, integrate the equation

(x2+1) y

| 2X dx + [ d_.
(x“+1) y

%In(x2+1)+lny=lnc

1
In(x?>+1)2 +Iny=Inc

Im/(x2+1) +Iny=c—1In y«/(x2+1) =Inc— y«/(x2+1) =C

The solution of the equation is y2x2 + y2 =C

Another solution

Xydx + (x2 +1)dy=0
Xydx + (x2dy+ dy)=0
Xx(ydx + xdy)+dy=0
xd(xy)+dy=0
(xy)d(xy)+ ydy =0

Integrate
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1, » 1,
—(Xy)"+-y =cC
2(y) 2y

x2y?+y*=C

Example (2):

Find the general solution of the differential equations: (1+y 2)dx +(1+ xz)dy =0

Solution:

divided the equation by (1+ y2)(1+ x2)

1 dx + 1 dy =0 Integrate the equation we get tan™*

-1
X+tan "y=C
(1+ x?) 1+ y?)

Example (3):

Find the general solution of the differential equations: (3)«/1— y2dx+ V1- x2dy =0

Solution:

divided the equation by y/1— y?y1— x?

Integrate the equation. j;zdx + j;dy =c then sin'x+sinly=c

Example (4):

Find the general solution of the differential equations: y'tanx—y=1

Solution:
The equation can be written in the form

tan xg—i— y =1= tan xdy = (y +1)dx

divided by (y+1)tan x

dy 1 dx = COS%

_ x=& o dy [ COSX 4o
(y+1) tanx sin X

(y+1) ~J Sinx

In(y+1)=Incosecx+Inc or y+1=C cosecx

dx
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Example (5):

Find the general solution of the differential equations: xydx + 1+ x2dy =0

Solution:

divided by yy1+ x?
Xy dx + V1+ x>

— dy=0
yN1+ X2 yN1+ X2

X dx + idy =0

1+ X2 y

lj 2x dx + [ ldy=c
2" 1+ %2 y
1+ x? +Iny=c
Example (6):
Solve the differential equation xdy —ydx = «/xz -y 2 dx
Solution:

M(X,y), N(x, y)are homogeneous of the same degree(first degree)
let y=ux ..dy=udx+ xdu

substitute in the differential equation we have

x(udx + xdy) — uxdx = x% —u?x? dx

x(udx + xdy) — uxdx = x\1— u? dx
divided by x and separate the variable
(udx + xdu) —udx =41- u? dx

xdu =v1—u? dx
du

1—u?

=£dx
X
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Integrate the last equation | =[ =dx

1-u? X
—u
sinfu=Inx+InC =InCx
sin‘ll =InCx > Y sin(InCx) and the solution is |y = xsin(InCx)
X X

Another solution

xdy — ydx = X2 — y2 dx
2 2
xdy — ydx X5 —y dx

X2 X2

xdy — ydx x/l—yzlx2 dx

X X
d%=«/1—y2/x2 %
Puu=y/x

du=+1- u? dx

X
du dx

— 2 "X

By integration

sinfu=Inx+Inc
1

sin""u=Incx

y = xsin(cx)

Example (7):

Solve the differential equation (x2 + yz)dx = Xxydy

solution:

M (X, ), N(x, y)are homogeneous of the same degree(second degree)
let y=ux ..dy=udx+ xdu

substitute in the differential equation we have
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(x2 + u2x2)dx = xux(udx + xdu)
x2(l+ u2)dx = x2u(udx + xdu)
divided by x%and separate the variable

1+ uz)dx = u(udx + xdu)

1+ u’ - u2)dx = uxdu

dx dx
—~ =udu o[ == udu
X X
1 2 2,2
Inx—Inc=Eu2:> x2 = ce! > |x2=ceY /¥

Another solution

(x2 + yz)dx = xydy
(x2 + yz)dx —xydy =0

X2dx + y(ydx — xdy)=0
2

X Y )
X X X
%dx ( )(xdy ydx) _,

i) (5

2,.,2
2 X

Example (8):

Solve the differential equation  (xy— x2)dy — y2dx =0

solution:

M(x,y), N(x, y)are homogeneous of the same degree(second degree)
let y=ux ..dy=udx+ xdu

substitute in the differential equation we have

(x u—x )(udx+ xdu) — X 20%dx =0

X (u 1)(udx + xdu) — x2udx =0
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Divided by x2and separate the variable

(u—21)(udx + xdu) — u?dx =0
(u=2udx + (u—21)xdu— u’dx =0

[(u—l)u— uz}dx+ (u=1)xdu=0

—udx+ (u—-21)xdu=0
_dx (u 1)
x u

_&x (1——)du 0 by integration we have—Inx+u—Inu=Inc

——=du=0

Incxu=u = |Incy =

X |<

Another solution

(xy — x2)dy — y2dx =0 = xydy- x2dy — yzdx =0
xydy — y2dx — x2dy =0
1

y(xdy — ydx)—xzdy:O = M——dyzo
X y

d(z)—ldyzo integrate X—Iny:InC
X"y X

Y _InC+ny=InCy = |y=xe

X

Example (9): Solve y’+%=sinx
Solution:

The equation is a linear and P(x)=l, Q(x)=sinx. We can determine the
X
integrating factor
[ P(x)dx =] ™ jnx sop=eMX=x
X

The general solution is

y Xx=[xsinxdx +C =—-xcosx—sinx+C

—XCcoSX—=sinx+C
X
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Example (10)
Solve the following differential equation
(@) y'+ ytan x =sin x

Answer
The equation is a linear and P(x)=tanx, Q(X)=sinXx

We can determine the integrating factor
[ P(X)dx=[ tanxdx =Insecx

U= elnsecx _ ca0 y

multiply the equation by sec x

y'sec X + ysec Xtan X =sec xsin X =tan x
which is exact differential equation

and the left side is the derivative of ysec x
~.d(ysec x)=tanx

by integration

ysecx=[ tanxdx=secx+C

ysecx=secx+C

Example (11):

Solve y'+ ytanx = cos® x

Solution:
The equation is a linear and P(Xx)=tanx, Q(x)=cos3 X . We can determine the

integrating factor

[ P(x)dx=] tanxdx=Insecx oo =X —gec x

multiply the equation by secx  y’sec X+ ysec xtan x =sec X 0s° X = cos? X

which is exact differential equation and the left side is the derivative of ysec x

s.d(ysecx)= cos? X by integration

Dr. Fathy Abdessalam


http://en.wikipedia.org/wiki/Derivative
http://en.wikipedia.org/wiki/Derivative

Modern University for Technology and Information i_“li
Faculty of Engineering Mathematics I11 for Civil And Bio Engineering Departments  imimtiss

ysecx = | cos? xdx = %j(1+0052x)dx = %[x—%sin 2x]+C

2

1 1. 1 )
y=Excosx—zsm2xcosx+Ccosx=Excosx—§sm XC0S“ X + C cos X

is the general solution of the given equation.

Example (12): Solve y'+ ycotx = sin® x

Solution:

The equation is a linear and P(x)=cot X, Q(x)=sin2x

We can determine the integrating factor

[ P(x)dx=] cotxdx=Insinx

o= eInsmx —sinx

multiply the equation by sin x

y'sin X + ysin xcot x =sin® x

'sin X + yCOS X = sin° X
y y

Which is exact differential equation and the left side is the derivative of ysin x

3

~.d(ysinx)=sin~ x and by integration

2

ysinx = sin3xdx=jsin2 xsinxdx=j(1—c032x)sinxdx=j(sinxdx—cos Xsin x dx)

3

: 1
ySin X =—COSX+§COS x+C

lcos?x C
S Yy=—CotX+ ————+—
3 sinx sinX
IS the general solution of the given equation.

Example (13): Solve xdx+ (y+ yx2 + y3)dy =0

Solution:
we can rewrite the equation in the form

xdx +ydy +yx2dy +y3dy =0
(xdx+ydy)+y(x2+y2)dy =0
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1d(x* +y?)

+ ydy=0
2 (x*+y?)

the last equation can be integrated %In(x2 +y2)+ 3 y?=C > In(x*+ y?)+ y°= A

Example (14): Solve (D2 -3D+2)y=0

Solution

The characteristic equation in the form m?—-3m+2=0 which gives roots
my =1, m, =2 (Distinct roots). Hence yc g =CieX +C,e?X.

Where C;and C, are arbitrary constants. Since g(x)=0, so general solution is

X 2X
Vo.s.=Yc.p.=Ce” +Cre”".

Example ( 15) (D2 —5D+6)y =eXsinh6x

Solution:
The characteristic equation is

m?—5m+6=0 then (M—2)(M—3)=0—>m=2,3 and y, =C.e3* +C,e¥
and

Yp

1

5 sinh2x
(D+1)“-5(D+1)+6

=meXSinh6X = ex
- +

X

=e 1 sinh6x=eX;sinh6x

D?2+2D+1-5D—-5+6 D2_3D+2
=eX2;sinh6x=ex sinh6x=exw
62 -3D+2 38-3D 382 - 9D

X
= 6—2(385inh 6X —18cosh6x)

382 —9(6)
Then the general solution in the form
X

sinh6X

5 (38sinh6x —18cosh6x)

3x 2X
Vo =Ce”" +Ce "+ —5——
¢ 2" 7 382_9(6)

Another solution

e*sinh6x = %; X(e6>< _e—6x)

Yy e
P D2_-5D+6

" D?2_-5D+6
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_1 1 (e7x _e—5x) _E( 1 olX _ 1 e—5x)
- - 2 2
2D%2-5D+6 2\ D“-5D+6 D“-5D+6

X _ 1 e—5x zl(ieh _le—SXJ
—5(7)+6 ~ (=5)2—5(5)+6 2\ 20 6

Then the general solution in the form

1( 1 1
—C,e3X 42Xy 2| T X _ZgOX
Yo =%1 2 21 20 6

Example (16): Solve (D2+4)y=sin2 X.

Solution

The characteristic equation is m 24+4=0

then m;,m,=+2i and Y. =C;cos2x+C,sin2x

yp=%sin2x—%( )(1 €0S2X)
(D” +4) (D% +4)\ 2
=12#(1)——2 C0S2X == —21 g0x _ XsIN2X
2(D*+4) "~ (D*+4) 2( (D? + 4) 4
_1f 1 eo.x_XSinZX _1(1 xsin2x)_(1 xsin2x
~2((0+4) 4 JT2la” 4 )Tl s
The general solution in the form Yo =C,c082x+C,sin2x + 1 XS'QZX

Vector Analysis

Example (17): If A=x%zi—2y%2%j+ xy’zk find V.A.

Solution:

VA=divA=(Ci+ L i LK) (x%i-2y%2 f+ xy%2 K)
oXx oy~ oz
=—x22+£(—2y322)+£xy22 =2xz - 6y%z% + xy°.
OX oy oz

Example (18): If =2x3y%z* find V.Vg.

Solution:

11
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Vo =V (2x3y%24) = i(2x3y224)f+ i(2x3y224)] + 2(2x3y224)E
OX oy 0z

247 323E

=6x2y Z |+4x3yz4]+8x y“z

—

Sos_ (07, 0= Opy 224 3, 47, 0y3,2,3F
VVo=(—i+—|+—Kk).(6X°y°Z" i+4x°y 27 |+8x°y°z° k
¢ (ax ayJ pw ).(6x7y y Z' ] y )

= 962y %%+ Ly 74+ Dy 28 = 1070 + 4324 + 2453y,
OX 6’y 0z

Example (19):

findv. v i .where r is the position vector for any point (X, y,z) in the space.

]

Solution:

-1 -
Vo=V +y2+72)2 =7( 24y 4282 V(X 4y )
r

3
=_71(x2 +y2+17%)2 [6_(X2 e i(x2 +y2+ 22)]+2(x2 +y2+2%)K]
X oy 0z

3
v i _71(x2 +y2 +2%) 2[2xi+ 2V ] + 2zK]

g
-3

=—(X>+y?+72) 2 (Xi+Vy]+2K)= —(Xi+yj+zk)_ -

3° .3
(X% + y2 4+ 2%)2 M

Example (20):

If A=x?yi—2xz j+2yz K Find Vx(VxA)

Solution
i ]k
(§x,_61)=[(%T+%]+%E)x(x2yf—2xz]+ 2yzk)]= 6% % %
x2y —2X2 2Vyz

1% 2vo) = 2 o 12 2 = 2 2ya T + 12 (caxa) = 2 (x2y)TK = T_(x+22) K
—[(6y(2y2) 5 2+ (CY) -2 (2y2)] S+ (=2x2) 6y(X yk=(2x+2z) i-(x"+22) k

o
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i j k
- e e = - - o 0 o -
SVx(Vx A)=Vx[(2x+22)i—(x“+22)K]=| — — — =(2x+2)]
OX oy 0z
2x+2z O —(x2+22)

Example (21):

—_

If F= x2yz i+ xyz ]—xyz2 k Find div F, curl F

Solution:

OF, , oF, , OF;3
ox o8y oz

div F=V.F =

OX

curl F = OFs _0F, i+ oF, _oFs j+
oy 0z 0z 0OX

{501 2em]e 20

Example (22):  Show that V xVg=0

Solution

i
Vx(Vg)=Vx| 2274925, 99¢|_| O
ox oy 0z OX

29

OX

0

2 glo -

oy

—_

ok, OF )y
oX 0oy

3]

S,)‘& Qo =

j

[ ()= (29)-(27) [i+[0m)~(+)

(—xz2 - xy)T+ (x2y+ yzz)f+(yz - xzz) Kk

0 2 ) 0 6( 2)
=—1( XYz —(Xyz)+ ——XYyz°)|=2XYyZ+ XZ—-2XYyZ= XZ
( y ay( yz) o 8 y y

+{a%(xyz)—a%(x2yz)} K

13
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{2 a) 2 a2

[ 2% o% . o’ % i o’ 9% o
| 0yoz 020y 020X 0X0z OX0y 0yoX

Example (23): Show that V.(Vx A)=0

letA=a,i+ay]+a,k

(i) V.(VxA) = V[(aﬁxh %h %E)x (ayi+ayj+a,k)]

YV (Vx A=V oay - . 0a
TR =TG- T G- Ty - By
oy oz o071 ox ox
re = - aa - . aa R
(7405 0y (P _ By Pk Oy (By Bk
OX oy 0z oy oz 0z OX OX oy

0 6a, Oay, 9 oa, 0a oa
OO Py, BBy Oy 0By Dy
oX oy oz oy 0z OXx 0z ax oy

azaZ y) ( 62a2)+(62ay X)
oxdy Oxoz ayaz oyox. - oox oy’

=(

Complex Variable

Example (24): Show that the function f(x) = z3satisfy Cauchy Riemann Equations

Solution: We note that

f(2)=2°=(x+iy)® = (x> = 3xy?) +i(3x°y — y°)

u(x,y)=x3—3xy2, v(x,y)=3x2y—y3
uX=3x2—3y2, Vy =6Xy
Uy =—-6Xy, Vy=3X2—3y2

Uy =V, Uy, =-V,

Then Cauchy Riemann equations are satisfied and

14
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f'(z)=u, +iv, =3x* = 3y? +i(6xy)
= 3[(x? = y?)+i(2xy)] = 3(X + iy)? = 32°

Example (25)
Show that the function f(z)=sinz Satisfy Cauchy Remman’s Equation

Answer

sinz=sin(X + Iy) = sin xcosiy + cos xsiniy=sin xcosh y + i cos xsinh y

u=sinxcoshy v =cosxsinhy
ou ov L
——=Ccos xcoshy —=-sinxsinhy
OX OX

ou . : ov
—=sinxsinhy — =C0s xcoshy
oy oy

ou ov ou

ov . .
—=-——=cosxcoshy and —=-——=sinxsinhy
ox oy oy OX

Example (26):

Given function u=e*siny Find v such that f(z)=u+ ivsatisfy Cauchy-Riemann

equations.

Solution:

.,Ou oV ... O0u ov

(o =o (i =-"
oX oy oy OX

integrate (i) with respect to y we have

v=jg—)l: dy+ f(x)=[e*sinydy+ f(x)=-eXcosy+ f(x)

where f(x) is the integration constant and to determine f (x) we use (ii) as follows
@=—excosy+ f’(x)=—a—u=—excosy

OX oy

- f'=0= f(x)=C (pure arbitrary constant)

Hence v=-eXcosy+C and

f(z)=u+iv=e"siny—ie*cosy+C =—ie*(cosy+isiny)+C =—ie’ +C

where C is an arbitrary constant.
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Example (27): Show that sinz =sinz.

Solution:

sinz =sin(X +iy)

= sin x cos(iy) + cos x sin(iy) =sin x cosh y + icos X sinh 'y
=sin X cosh y —icos x sinh y =sin x cos(iy) — cos x sin(iy)

=sin(x—iy)=sinz then sinz=sinz
(0,3)
Example(28) Evaluate [ (2z—2%)dz on the circle|z|=3
(3.0)
Answer

Use the exponential form for the complex number

z=3e"%then do=3e%d0 and 7=3e°

03 _ 2m . . . 2n .

[ (z-2%)dz=[ (667 -9 )3ie"do= [ i(18-27¢*" )do
(3.0) 0 0

. =27 .
=i[189—9e3'9}0 =i[36n—9e6'“ +9}=36ni

=% 4z where Cis the circle z|=2

Example (29): Evaluate<_f> P

Solution: <j> P —<_[> %

3_
12) _27=6 e Zy = 1i,

1i 2
-7y Z—5i

Since IE inside the circle [z|=2 and

f (z) = z> — 6, which is analytic inside and on C and f (zp)= (% i) —6= % -6

by using Cauchy’s integral Formula

3 _ 3 _
<j§f()dz—27z|f(zo) then ¢~ ?dz=%<_{>z 0 4
- c- 2

16

=%(27zi)f(%i)=%—6fri
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Infinite Series
Example (30):

Use ratio test to test the following series for convergence

| L ..o» N . ©
(i) X — (i) X — i) X —  (iv) ¥ ——
n=1n.3 n=1 N: n=1 N n=1N+1
Solution:
. 1 1
)va,=— . ay=—"-—-
" g nH (n+1).3M1
a 1 1 n.3" 1
lim =2 = |im [ 1= lim ————==<1

n—w an n»w(n+DBM4Tn3”_1Fmﬂn+DBM4_3

© 1 .
then ¥ —— is converge.

n=1N.3
- on 2n+1
(i) v a, = o e ()
2n+1 on

. a )
lim =2t = fim [ :
n—o dp Nn—o0 (n +1)' n!

2" Ln 2
= lim —————=lim =0<1
now2".(N+1)! noow(N+1)
© 2N
then > — is converge.
n=1 nl
n n+1
(i) ag =2 g =
n (n+1)
a 2n+1 2n
lim = = jim [ +=—]
n—owo dp now (N+1) N

on+lp _ 2n

lim ————= lim =2>1
n—o0 2”.(n +1) now (n+1)

n

then f 2 Is diverge.
n=1 N

Dr. Fathy Abdessalam
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n+1 . a . h+1 n+1
lim 2041 — jjm —/—= =1

: n
(iv) ay=——, ap =—— .
" n " Th42 oo a, nown+2 n

+1

The Ratio test is inconclusive.

Example (32):

Use integral test to test the series Y for convergence

2

n=1n"+1
Solution:
Since f(X)=— I positive and non-increasing function for all x>0 then we have
X+
0 1 a 1 1 ,a
dX = |im dx = |ijm tan " x
{ X2 + a—>c0 { X2+l asw d
= Iim {(tan~ta)- tan‘ll}zz—zzz
Jim {(tan"*a)(tan ") 2 4 4

which show that the series f} 5

IS convergent.
n=1N°+1

Example (33)

n
o0
(a) Test the series . (Ej for convergence

n=1
Answer
0 n 2
> (5} Is geometric series with ratio 3 < 1which show that is convergent
n=1
series

0 n
= (2} :1a _ @ _en_,

o \3 —r 1-(2/3) 13
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